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We investigate the quark-gluon mixed condensate 〈q¯σ · Gq〉 ≡ m20〈q¯q〉 for the SU(2) light-flavor
sector at finite temperature (T ). Relevant model parameters, such as the average (anti)instanton
size, inter-(anti)instanton distance, and constituent-quark mass at zero virtuality, are modified as
functions of T , employing the trivial-holonomy caloron solution. By doing that, we observe correct
chiral restoration patterns depending on the current-quark mass m. We also perform the two-loop
renormalization-group (RG) evolution for the both condensates by increasing the renormalization
scale µ = (0.6→ 2.0) GeV. It turns out that the mixed condensate is insensitive to the RG evolution,
whereas the quark condensate become larger considerably by the evolution. Numerically, we obtain
−〈q¯σ ·Gq〉1/5 = (0.45 ∼ 0.46) GeV at T = 0 within the present theoretical framework, and the mixed
condensate plays the role of the chiral order parameter for finite T . The ratio of the two condensates
m20 is almost flat below the chiral transition T (T0), and increases rapidly beyond it. From a simple
linear parametrization, we obtain m20(T )/m
2
0(0) ≈ (0.07, 0.47)T/T0 + (1, 0.6) for (T . T0, T & T0)
at µ = 0.6 GeV. The present results are compared with other theoretical ones including the lattice
QCD simulations, and show qualitatively good agreement with them.
PACS numbers: 11.10.Wx, 11.30.Rd, 12.38.-t, 12.38.Mh, 12.39.Ki.
Keywords: Quark-gluon mixed condensate, quark condensate, SU(2) light-flavor sector, finite temperature,
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I. INTRODUCTION
Together with the active developments of the heavy-ion collision (HIC) experiments, one can now explore the hot
and dense QCD matter within experimental facilities. Theoretically, the hot QCD matter can be studied appropriately
from the first principle via the lattice QCD (LQCD) simulations, unlike the dense-matter LQCD, which suffers from
the notorious sign problem. Beside the LQCD methods, various effective approaches have been also frequently applied
to investigate the hot and/or dense QCD matter. In our previous works using the liquid instanton model at finite T
(LIM-T ), we have studied various nonperturbative quantities at finite T and zero quark chemical potential µq = 0, i.e.
electric conductivity, shear viscosity, quark condensate, magnetic susceptibility, and so on [1, 2]. By comparing our
numerical results with other theoretical results, including the LQCD data, we verified that LIM-T provides relatively
good agreement with them. Hence, in the present work, we want to provide theoretical results for the dimension-five
quark-gluon mixed condensate (MC) at finite T using LIM-T . MC is defined by the vacuum expectation value (VEV)
for the quark-gluon dimension-five operator in Minkowski space as follows:
〈q¯σ ·Gq〉 ≡ m20〈q¯q〉, (1)
where q and Gµν ≡ Gaµνλa/2 stands for the quark and gluon fields. The antisymmetric tensor is given as σµν =
i(γµγν − γνγµ)/2. As shown in Eq. (1), MC is usually factorized into a mass constant m0 and the quark condensate
〈q¯q〉 (QC) for a practical usage in the operator-product expansion (OPE) of the QCD sum rule (QCDSR) calculations.
In other words, m20 in the right-hand-side of Eq. (1) plays an important input value in applying the QCDSR technique.
For vacuum (T, µq) = 0, many theoretical works have been done so far for MC using LQCD [3], holographic QCD
(hQCD) [4], global color-symmetry model [5], Dyson-Schwinger method [6], LIM [7, 8], hybrid-current method [9],
truncated quark-quark interaction model [10], and so on. Note that, however, there have been only a few theoretical
studies for MC at finite T so far: LQCD [11] and effective approach, such as the global color-symmetry model [12].
Moreover, the LQCD work was done via the Kogut-Susskind (KS) fermion at the quenched level, giving Tc = 280
MeV, which is much higher than those from the recent full LQCD simulations [11]. Hence, considering the recent
progress in the realistic LQCD simulations at finite T , it is worth to providing sophisticated theoretical estimations
for MC, as done in the previous works, and the numerical results will be a useful guide for future LQCD simulations.
Here, we want to make a brief description for LIM-T as a theoretical framework: LIM-T is basically based on LIM,
which manifests the nonlocal quark-quark interactions via the fermionic zero mode. To extend LIM to a finite-T
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FIG. 1: (a) The quark-gluon vertex given with the quark (solid) and gluon (wiggle) fields. (b) The gluon field is effectively
replaced by the quark-instanton vertex on the right, i.e. effective quark-gluon vertex Y±,1(x, U) in Eq. (7). (c) The quark-gluon
mixed condensate in Eq. (10), constructed by attaching the external quark lines in the effective quark-gluon vertex (b).
system, the model parameters of LIM, i.e. the average (anti)instanton size (ρ¯) and inter-(anti)instanton distance R¯,
are modified as functions of T using the trivial-holonomy caloron solution [13–15]. Note that these modifications
result in the partial chiral restoration of the parameters. Constructing an effective thermodynamic potential within
the same model, we compute the constituent-quark mass at zero virtuality as a function of T , as an chiral order
parameter, by solving the saddle-point equation with respect to the variation parameter [16]. As a result, one observe
the second-order and crossover chiral restoration patterns for the zero and finite current-quark masses (m), satisfying
the universal restoration patterns. We note that the chiral transition T is determined as T0 ≈ 151 MeV for m = (0, 5)
MeV. Along with these T -modified parameters and constituent-quark mass, we employ the fermionic Matsubara
formula for the relevant matrix elements. We also perform the two-loop renormalization-group (RG) evolution for the
both condensates, MC and QC, for µ = (0.6→ 2.0) GeV, to compare the numerical results with the LQCD data. Note
that µ = 0.6 GeV is a typical scale of LIM, i.e. µ ≈ 1/ρ¯. From the numerical results, it turns out that MC is insensitive
to the evolution, whereas QC gets larger by the evolution. Numerically, we obtain −〈q¯σ ·Gq〉1/5 = (0.45 ∼ 0.46) GeV
at T = 0 within the present theoretical framework. Moreover, MC as well as QC play the role of the order parameters
of the chiral phase transition. The ratio of the two condensates m20 turns out to be almost flat below the chiral
transition T (T0), and increases stiffly beyond it. From the numerical results, we parametrize the ratio approximately
with a simple linear functions at µ = 0.6 GeV:
m20(T )/m
2
0(0) ≈ (0.07, 0.47)T/T0 + (1, 0.6) for (T . T0, T & T0). (2)
We organize the present work as follows: In Section II, we briefly introduce the liquid instanton model (LIM)
and how to compute the mixed condensate in terms of the field theoretical manner. In Section III, the temperature
modifications of the relevant model parameters are performed using the trivial caloron solution. We also show the
correct universal chiral restoration patterns, computed within the present model. The numerical results for MC, QC,
and their ratio m20 as functions of temperature are presented with relevant discussions in Section IV. Final Section is
devoted to summary, conclusion, and future perspectives.
II. THEORETICAL FRAMEWORK
In this Section, we elucidate the theoretical framework and how to compute the relevant condensates. All the
calculations will be performed in the leading large-Nc limit. We make use of an effective action, derived from the
liquid-instanton model (LIM) in Euclidean space for the SU(2) light-flavor sector, and it reads
Seff = −Sp ln
[
i/∂ + imˆ+ iM0F
2(∂)
]
, (3)
where the current-quark mass matrix for SU(2f ) is designated as mˆ = diag(mu,md). By assuming the isospin
symmetry, we set mu ≈ md = m = 5 MeV throughout the present work, when the current-quark mass is finite. M0
denotes the effective quark mass at zero virtuality, i.e. constituent-quark mass. In the Euclidean momentum space,
the quark momentum distribution F (k) is given by
F (k) = 2τ
[
I0(τ)K1(τ)i1(τ)K0(τ)− 1
τ
I1(τ)K1(τ)
]
, τ =
|k|ρ¯
2
. (4)
3Here, In and Kn indicate the modified Bessel functions, whereas ρ¯ stands for the average (anti)instanton size, which
corresponds to the inverse of the model scale, µ ≈ 1/ρ¯. First, we want to calculate 〈q¯q〉 (QC) by functional differen-
tiating Seff with respect to m, resulting in
− 〈q¯q〉 = 1
Nf
δSeff
δm
= 4Nc
∫
d4k
(2pi)4
[
M¯k
k2 + M¯2k
− m
k2 +m2
]
, (5)
where we have used a simplified notation M¯k = m+M(k) = m+Mk, and Nc indicates the number of color: Nc = 3.
Note that ρ¯ and R¯ at T = 0 were estimated by the variational method (ρ¯, R¯) ≈ (0.35, 0.95) fm [16], phenomenological
way (ρ¯, R¯) ≈ (1/3, 1) fm [17], and the LQCD simulation (ρ¯, R¯) ≈ (0.36, 0.89) fm [18]. Among them, we employ the
phenomenological values, considering about 10% uncertainties within those estimations. The value for M0 for vacuum
can be fixed by the self-consistent equation:
N
V
=
1
R¯4
= 4Nc
∫
d4k
(2pi)4
M2k
k2 +M2k
, (6)
where N/V indicates the instanton number density or packing fraction of the instanton ensemble. By solving Eq. (6)
with the phenomenological instanton parameters given above, one acquires M0 ≈ 350 MeV.
Now, we are in a position to discuss the quark-gluon operator in terms of the quark fields. The local operator
inside MC in the left-hand-side of Eq. (1) corresponds to the quark-gluon interaction of Yukawa type, as shown in
(a) of Figure 1. However, in this model calculation, the gluon field strength (Gµν) can be expressed in terms of the
nontrivial quark-instanton interaction [7]. First, the one flavor quark and one instanton interaction can be written as
a function of x and color orientation matrix U .
Y±,1(x, U) = (2piρ¯)2
∫
d4k
(2pi)4
d4p
(2pi)4
F (kρ¯)F (pρ¯)eix·(k−p)
[
Uαi′ (U
j′
β )
†ii
′
jj′
] [
iq†(k)αi
1± γ5
2
q(p)βj
]
. (7)
Here, α and i for qαidenote the color and spinor indices, respectively. In deriving Eq. (7), we assumed the δ-function
type instanton distribution ∼ δ(ρ − ρ¯) as usual. A schematic diagram for Eq. (7) is given in (b) of Figure 1. Then,
we write the field strength tensor F aµν in terms of instanton configuration:
F a±µν(x, x
′, U) =
1
2
[
λaUλbU†
]
F b±µν(x
′ − x). (8)
F b±µν(x
′ − x) stand for the field strength consisted of a certain instanton configuration. Using Eqs. (7) and (8), we
can define the field strength tensor in momentum space in terms of the quark-instanton interactions:
Fˆ a±µν =
iNcM
4piρ¯2
∫
d4x
∫
dUF a±µν(x, x
′, U)Y±,1(x, U) (9)
Following the course of Ref. [7], finally, we obtain the mixed-condensate as follows:
〈q¯σ ·Gq〉 = 2Nc
∫
d4k
(2pi)4
∫
d4p
(2pi)4
√
MkMpGk,pNk,p
[k2 + M¯2k ][p
2 + M¯2p ]
, (10)
where Gk,p, which relates to the Fourier transform of the instanton field strength, and Nk,p are defined by the
followings:
Gk,p = 32pi
2ρ¯2
[
K0(t)
2
+
4K0(t)
t2
+
(
2
t
+
8
t3
)
K1(t)− 8
t4
]
, t = |k − p|ρ¯
Nk,p =
1
4
Trγ
[
σµν(/k + iM¯k)Γµν(/p+ iM¯p)
]
, Γµν = σαν
qρqµ
q2
+ σµα
qρqν
q2
− 1
2
σµν , q = k − p. (11)
Performing the trace of the Lorentz index and simplifying the expression, we arrive at
〈q¯σ ·Gq〉 = 4Nc
∫
d4k
(2pi)4
d4p
(2pi)4
√
MkMpGk,p
[
(k · p)− 4(k·q)(p·q)q2
]
[k2 + M¯2k ][p
2 + M¯2p ]
, (12)
which is schematically represented by (c) in Figure 1.
4MC in Eq. (12) can be written as a function of T , employing the fermionic Matsubara formula. Note that one
of the technical difficulties here is the double summation over the Matsubara frequencies ωn = (2n + 1)piT and
ωn′ = (2n
′ + 1)piT , corresponding to the integral over k4 and p4. However, this difficulty can be easily removed by
assuming that (k4, p4)→ 0 in the numerator in Eq. (12), whereas we rewrite the denominator by (k4, p4)→ (ωn, ωn′).
According to this simplification, one can separate the integrand in Eq. (12) into independent summations over ωn
and ωn′ , resulting in
〈q¯σ ·Gq〉 ≈ 4NcT 2
∑
n
∑
n′
∫
d3k
(2pi)3
d3p
(2pi)3
√
MkMpGk,p
[
(k · p)− 4(k·q)(p·q)q2
]
[ω2n + E
2
k][ω
2
n′ + E
2
p]
= Nc
∫
d3k
(2pi)3
d3p
(2pi)3
√
MkMpGk,p
EkEp
[
(k · p)− 4(k · q)(p · q)
q2
]
tanh
[
Ek
2T
]
tanh
[
Ep
2T
]
, (13)
where we have used E2k = k
2 + M¯2k for brevity. Note that Mk and Gk,p in the above equation represent those in
Eqs. (4) and (11) by replacing (k, p)→ (k,p) as
Mk →Mk = M0
[
2
2 + k2ρ¯2
]3
, Gk,p(ρ¯)→ Gk,p(ρ¯) (14)
to reproduce the correct low-energy constants [19]. Note that Mk in Eq. (14) show stronger decrease with respect
to |k|, in comparison to those used in the previous works [1, 2]. The reason to use this stronger one is to reproduce
the chiral transition T , T0 = (154± 9) MeV for m 6= 0, which was estimated by the recent LQCD simulations, using
the 2 + 1 flavor QCD thermodynamics with improved staggered fermions [20, 21]. Detailed discussions on T0 will be
given in Section IV.
III. TEMPERATURE-DEPENDENT MODEL PARAMETERS
Now, we want to address how to determine the T -dependent effective quark mass M0 in Eq. (14). In Refs. [15],
we derived it by using the caloron distribution with the trivial holonomy, i.e. Harrington-Shepard caloron [13, 14].
Firstly, we want to explain briefly how to modify ρ¯ and R¯ as functions of T , using the caloron solution. Details can
be found in Ref. [15]. An instanton distribution function for arbitrary Nc and Nf can be written with a Gaussian
suppression factor as a function of T and an arbitrary instanton size ρ for pure-glue QCD [14]:
d(ρ, T ) = CNc Λ
b
RS βˆ
Nc︸ ︷︷ ︸
C
ρb−5 exp
[−(ANcT 2 + β¯γnρ¯2)ρ2] . (15)
We note that the CP-invariant vacuum was taken into account in Eq. (15), and we assumed the same analytical
form of the distribution function for the (anti)instanton. Note that the instanton number density (packing fraction)
N/V ≡ n ≡ 1/R¯4 and ρ¯ have been taken into account as functions of T implicitly. For simplicity, we take the numbers
of the anti-instanton and instanton are the same, i.e. NI = NI¯ = N . We also assigned the constant factor in the
right-hand-side of the above equation as C for simplicity. The abbreviated notations read:
βˆ = −b ln[ΛRSρcut], β¯ = −b ln[ΛRS〈R〉], CNc =
4.60 e−1.68αRSNc
pi2(Nc − 2)!(Nc − 1)! ,
ANc =
1
3
[
11
6
Nc − 1
]
pi2, γ =
27
4
[
Nc
N2c − 1
]
pi2, b =
11Nc − 2Nf
3
. (16)
Note that we defined the one-loop inverse charges βˆ and β¯ at certain phenomenological cutoffs ρcut and 〈R〉 ≈ R¯.
ΛRS denotes a scale, depending on a renormalization scheme, whereas V3 for the three-dimensional volume. Using the
instanton distribution function in Eq. (15), we can compute the average value of the instanton size ρ¯2 straightforwardly
as follows [22]:
ρ¯2(T ) =
∫
dρ ρ2d(ρ, T )∫
dρ d(ρ, T )
=
[
A2NcT
4 + 4νβ¯γn
] 1
2 −ANcT 2
2β¯γn
, (17)
where ν = (b− 4)/2. It can be easily shown that Eq. (17) satisfies the following asymptotic behaviors [22]:
lim
T→0
ρ¯2(T ) =
√
ν
β¯γn
, lim
T→∞
ρ¯2(T ) =
ν
ANcT
2
. (18)
5Here, the second relation of Eq. (18) indicates a correct scale-temperature behavior at high T , i.e., 1/ρ¯ ≈ Λ ∝ T .
Substituting Eq. (17) into Eq. (15), the caloron distribution function can be evaluated further:
d(ρ, T ) = C ρb−5 exp [−F(T )ρ2] , F(T ) = 1
2
ANcT
2 +
[
1
4
A2NcT
4 + νβ¯γn
] 1
2
. (19)
The instanton packing fraction n can be computed self-consistently, using the following equation:
n
1
νF(T ) = [C Γ(ν)] 1ν , (20)
where we replaced NT/V3 → n, and Γ(ν) stands for the Γ-function with an argument ν. Note that C and β¯ can be
determined easily using Eqs. (17) and (20), incorporating the vacuum values for n ≈ (200 MeV)4 and ρ¯ ≈ (600 MeV)−1:
C ≈ 9.81 × 10−4 and β¯ ≈ 9.19. Finally, in order for estimating the T -dependence of M0, it is necessary to consider
the normalized distribution function, defined as follows,
dN (ρ, T ) =
d(ρ, T )∫
dρ d(ρ, T )
=
ρb−5Fν(T ) exp [−F(T )ρ2]
Γ(ν)
. (21)
Here, the subscript N denotes the normalized distribution. For brevity, we want to employ the large-Nc limit to
simplify the expression for dN (ρ, T ). In this limit, as understood from Eq. (21), dN (ρ, T ) can be approximated as a
δ-function:
lim
Nc→∞
dN (ρ, T ) = δ[ρ− ρ¯(T )]. (22)
The numerical result for ρ¯(T ) is given in the left panel of Figure 2. The curve for ρ¯(T ) shows that the average
(anti)instanton size smoothly decreases with respect to temperature. This behavior indicates that the instanton
ensemble gets diluted and the nonperturbative effects via the quark-instanton interactions are diminished. At T =
(150 ∼ 200) MeV, which is close to the chiral phase transition temperature, the instanton size decreases by about
(10 ∼ 20)% in comparison to its value at T=0. Considering that the instanton size corresponds to the scale parameter
of the model, i.e. UV cutoff mass, ρ¯ ≈ 1/Λ, the temperature-dependent cutoff mass is a clearly distinctive feature in
comparison to other low-energy effective models, such as the NJL model. In addition, we also show the temperature
dependence of the average (anti)instanton number density or (anti)instanton packing fraction, N/V , in the left panel
of Figure 2. Again, the instanton number density decreases as temperature increases: The instanton ensemble becomes
diluted with respect to T .
IV. THERMODYNAMICS POTENTIAL AND SADDLE-POINT EQUATION
As in Ref. [15], the LIM-T thermodynamic potential per volume in the leading 1/Nc contributions at zero quark
chemical potential can be written as follows:
ΩLIM =
N
V
[
1− ln N
λVM
]
+ 2σ2 − 2NcNf
∫ ∞
0
d3k
(2pi)3
[
Ek + 2T ln
[
1 + e−
Ek
T
]]
, (23)
where λ and M represent a Lagrange multiplier to exponentiate the effective quark-instanton action and an arbitrary
mass parameter to make the argument for the logarithm dimensionless. σ stands for the isosinglet scalar meson field
corresponding to the effective quark mass. In the leading large-Nc contributions, we have the relation 2σ
2 = N/V [15].
Then, the saddle-point equation can be derived from Eq. (23) by differentiating ΩLIM by the Lagrange multiplier λ:
∂ΩLIM
∂λ
= 0→ Nf
M¯0
N
V
− 2NcNf
∫ ∞
0
d3k
(2pi)3
Mk
Ek
[
1− 2e
−EkT
1 + e−
Ek
T
]
= 0. (24)
Here, ρ¯ = ρ¯(T ) and M0 = M0(T ) implicitly. Note that one can write the instanton number density in terms of the
effective quark mass M0 and ρ¯ [16]:
N
V
=
C0NcM20
pi2ρ¯2
. (25)
The value of the real-positive parameter C0 is determined to reproduce M0 = (350, 355) MeV for m = (0, 5) at T = 0,
resulting in C0 = (0.434, 0.438), respectively, by solving the saddle-point equation in Eq. (24). By solving Eq. (24)
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FIG. 2: (Color online) Left: LIM-T parameters ρ¯ [fm] and 1/R¯ = (N/V )1/4 [GeV] as functions of T from the caloron distribution
for Nc = 3, as discussed in Section III. Right: Constituent-quark mass M0 [GeV] for Nc = 3 as a function of T for m = (0, 5)
MeV, given in the solid and dash lines, respectively. The vertical line indicates the chiral phase transition temperature T0 ≈ 151
MeV.
with respect to M0 numerically, the numerical results for M0 as a function of T are given in the right panel of Figure 2
for the zero and finite current quark mass: m = 0 (solid) and m = 5 MeV (dotted). These results show proper
universal patterns for the chiral phase transition, i.e. the second-order chiral phase transition for the massless quark
and the crossover for the finite mass. From those numerical results, the phase transition temperatures are given as
T0 ≈ 151 MeV for m = (0, 5) MeV. T0 is marked by the vertical line in the right panel of Figure 2. Note that T0
for the second-order and crossover chiral phase transition are almost consistent to each other. The obtained T0 is
compatible with the LQCD estimation as mentioned above [20, 21].
V. NUMERICAL RESULTS AND DISCUSSIONS
In this Section, we provide the numerical results for MC, QC, and their ratio MC/QC≡ m20 in Eq. (1) as functions
of T for different current-quark masses and renormalization scales. First, we want to explain briefly how to perform
the RG evolution for those condensates. The RG evolution can be performed via the following equations for them,
computed at different renormalization scales µi,f :
〈q¯σ ·Gq〉µf =
[
αs(µi)
αs(µf )
] γMC
b
〈q¯σ ·Gq〉µi , 〈q¯q〉µf =
[
αs(µi)
αs(µf )
] γQC
b
〈q¯q〉µi , (26)
where b = 11Nc/3 − 2Nf/3 = 29/3, and the anomalous dimensions for QC and MC are given by γMC = −2/3 and
γQC = 4. Performing the two-loop RG evolution for µi → µf [23], we obtain the following value for the ratio of the
strong couplings:
R(µi → µf ) ≡ αs(µi)
αs(µf )
≈
ln[µf/ΛQCD]
[
1− β1
β20
ln[ln[µ2i /Λ
2
QCD]]
ln[µ2i /Λ
2
QCD]
]
ln[µi/ΛQCD]
[
1− β1
β20
ln[ln[µ2f/Λ
2
QCD]]
ln[µ2f/Λ
2
QCD]
] ≈ 2.27. (27)
Here, we have chosen (µi, µf ) = (0.6, 2) GeV and ΛQCD = 0.2 GeV as a trial, and (β0, β1) = (11 − 2Nf/3, 102 −
38Nf/2)/(4pi)
2. In Ref. [24], it turns out that R(1 GeV→ 2 GeV) ≈ 1.96 from the four-loop order RG evolutions. On
the contrary, we have R(1 GeV → 2 GeV) ≈ 1.59 at the two-loop level as in Eq. (27). Thus, we observe about 20%
difference in R between the two-loop and four-loop evolutions. For convenience, we define and compute the following
quantities for running up the renormalization scale (0.6→ 2) GeV via Eq. (27):
RMC = R
γMC
b (0.6 GeV→ 2 GeV) ≈ 0.95, RQC = R
γQC
b (0.6 GeV→ 2 GeV) ≈ 1.40. (28)
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FIG. 3: (Color online) Left: Quark condensate (QC), −〈q¯q〉 [GeV3] as functions of T for different m and µ values given in
(m,µ): (0 MeV, 0.6 GeV) (thin-solid), (0 MeV, 2.0 GeV) (thick-solid), (5 MeV, 0.6 GeV) (thin-dash), and (5 MeV, 2.0 GeV)
(thick-dash). The vertical line indicates the chiral phase transition temperature T0 ≈ 151 MeV, whereas the shaded area denote
the phenomenologically allowed region for QC in the chiral limit at T = 0, i.e. 〈q¯q〉 = −(240 ∼ 260 MeV)3. Right: Quark-gluon
mixed condensate (MC), −〈q¯σ ·Gq〉 [GeV5], presented in the same manner with the left panel.
Combining Eq. (28) and Eq. (26), one is led to
〈q¯σ ·Gq〉2 GeV = RMC 〈q¯σ ·Gq〉0.6 GeV, 〈q¯q〉2 GeV = RQC 〈q¯q〉0.6 GeV, (29)
As understood by Eq. (29), MC is insensitive to the RG evolution, whereas QC gives about 40% increase for the larger
renormalization scale. We also note that RQC = 1.40 is compatible RQC = 1.32 for the four-loop RG evolution for
µ = (1→ 2) GeV, given in Ref. [24], showing only a few percent difference. Here is one caveat: Although the values
of RMC,QC in Eq. (28) can be changed at finite T , we assume the changes to be small, since the T -dependence in µi,f
is largely canceled as in Eq. (27), so that we use them in Eq. (28) for whole T region for the RG evolutions for the
condensates.
In the left panel of Figure 3, we show the numerical results for QC as functions of T for m = 0 (solid) and
m = 5 MeV (dash). The thin and thick lines stand for QC at the different renormalization scales µ = 0.6 GeV and
2.0 GeV, respectively. For all the cases, we observe correct chiral restoration patterns, depending on the current-
quark mass, as discussed above. The shaded area at T = 0 denotes phenomenologically accepted range for QC:
〈q¯q〉 = −(240 ∼ 260 MeV)3, and the present numerical results at T = 0 for µ = 0.6 GeV match well with them as
shown there. In Ref. [25], a LQCD simulation with the stout smeared staggered fermions was performed for QC.
The LQCD data were extrapolated to the continuum limit. In their work, the transition T was given by T0 = 158
MeV, which is about 4% larger than ours T0 = 151 MeV. The LQCD data are also represented in the left panel of
Figure 3 with the solid squares. We normalize the LQCD data to be (255 MeV)3 at T = 0 to match with the present
numerical result for QC for (m,µ) = (5 MeV, 0.6 GeV). As shown in the left panel of Figure 3, the LQCD data are
well comparable with the present result below T0, and the deviation increases as T grows. Note that our results
remain finite even beyond T = 300 MeV, whereas the LQCD data becomes almost zero at T ≈ 190 MeV. As the
renormalization scale evolved to µ = 2.0 GeV, the strength of QC increases by a factor 1.40 as given in Eq. (28).
In the right panel of Figure 3, we show the numerical results for MC as a function of T in the same manner with
the left panel. At T = 0, we have −〈q¯σ ·Gq〉1/5 = 457 (459) MeV for m = 0 (5) MeV. These values are well consistent
with those from the effective QCD-like models [7, 8]: −〈q¯σ · Gq〉1/5 = (481 ∼ 484) MeV. The main source for this
difference ∼ 20% in the MC values comes from the simplification from Eq. (12) to Eq. (13), i.e. ignoring (k4, p4) in
the numerator of the integrand in Eq. (12). The T dependence of the MC curves is very similar to that computed
by the global color-symmetry model [12], whose T0 was estimated to be about 170 MeV for µq = 0: MC increases
slightly below T0, then goes to zero with respect to T .
The numerical results for the ratio of MC and QC are given in Figure 4 in the same manner with Figure 3. At
T = 0, we have m20 = 1.12 (1.22) GeV
2 for m = 0 (5) MeV for µ = 0.6 GeV. For higher µ = 2.0 GeV, the ratios
decrease slightly by a factor 0.95 as in Eq. (28). Again, these values are smaller than those at µ = 0.6 GeV in
Refs. [7, 8] by about (10 ∼ 20)%, due to the same reason for MC as discussed above. From the QCDSR calculations,
8it was proposed that m20 = (0.8 ± 0.2) GeV2 at µ = 0.5 GeV from a phenomenological point of view, i.e. QCDSR
stability. From the global color-symmetry model [12], the ratio was estimated to be 1.90 GeV2 from a simple confined
Dyson-Schwinger method which is about (30 ∼ 40)% larger than ours. Much larger value for m20 was estimated from
the SU(3c) KS-fermion LQCD simulation at the quenched level as m
2
0 = 2.5 GeV
2 at µ = 2 GeV, whereas ours is
0.83 GeV2 for (m,µ) = (5 MeV, 2 GeV). As shown in the figure, the ratio curves are slightly increasing but almost
flat below T0 for all the cases. Taking into account a simple linear parametrization for m
2
0 below T0 at µ = 0.6 GeV,
we have
m20(T )/m
2
0(0) ≈ 0.07T/T0 + 1 for T . T0. (30)
This almost-flat behavior is well consistent with those from the SU(3c) LQCD simulation with the KS fermion [11],
although their T0 is much higher than ours, i.e. T0 ≈ 280 MeV, due to the quenched simulation and the heavier
current-quark mass m = (20 ∼ 50) MeV. In the global color-symmetry model [12], the ratio m20 does not depend on
T as well as µq, and this observation is in qualitatively agreement with ours below T0.
Beyond T0, however, it turns out that our results for m
2
0 for m = 5 MeV increase rapidly with respect to T . This
tendency can be easily understood by seeing the curves for QC and MC in Figure 3: The curves for QC keep decreasing
up to T = 300 MeV, whereas those for MC are almost saturated beyond T = 250 MeV. It must be interesting to verify
this increasing behavior in future LQCD simulations with proper extrapolation to the physical pion mass. Similarly
to Eq. (30), we have the following parametrization approximately for m20(T )/m
2
0(0) for µ = 0.6 GeV beyond T0:
m20(T )/m
2
0(0) ≈ 0.47T/T0 + 0.6 for T & T0. (31)
As understood easily from Eqs. (30) and (31), m20 increases rapidly after T ≈ T0, in comparison to that below T0. We
also note that the ratio m20 is related to the expectation value of the transverse momentum for the twist-2 light-cone
distribution amplitude for the pion:
〈k2T 〉pi =
5
36
〈q¯σ ·Gq〉
〈q¯q〉 =
5m20
36
. (32)
At T = 0, we have 〈k2T 〉pi ≈ 0.17 GeV2 for m = (0, 5) MeV for instance. This value is well consistent with those from
the chiral quark and instanton models in Refs. [8, 26]: 〈k2T 〉pi ≈= (0.20 ∼ 0.23) GeV2. All the numerical results for
QC, MC, and m20 are summarized for some different T values in Table I.
VI. SUMMARY AND CONCLUSION
We have investigated the quark-gluon mixed condensate (MC) at finite temperature (T ), employing the T -modified
liquid-instanton model (LIM-T ). In the present theoretical framework, one can write the quark-gluon Yukawa interac-
tion in terms of the effective nonlocal four-quark vertex. Using it, we calculated MC at a low renormalization µ = 0.6
GeV, then performed the RG evolution up to µ = 2 GeV. Since we were interested in the T dependence of MC,
we obtained the T -dependent instanton parameters, ρ¯(T ) and R¯(T ) from the trivial-holonomy caloron solution. We
also made use of the effective thermodynamic potential and fermionic Matsubara formula to determine M0(T ) and to
compute the relevant condensates. Numerical results for MC, quark condensate (QC), and their ratio m20 ≡ MC/QC
were presented with discussions. Important observations in the present work are listed below:
• The T -modified instanton parameters show partial partial chiral restoration behaviors as T increases: The
average instanton size ρ¯(T ) ≈ 1/µ and instanton number density N/V (T ) slowly decrease with respect to T ,
indicating the reduction of the nonperturbative effect, which is given by the nontrivial interaction of the quarks
and (anti)instantons via the quark zero mode. Note that this T dependence of the relevant model parameters
is a peculiar feature of the present model.
T = 0 [MeV] 25 50 75 100 125 150 175 200
−〈q¯q〉1/3 [MeV] 255 (255) 255 (256) 255 (257) 255 (256) 249 (252) 232 (240) 135 (214) 0 (177) 0 (150)
−〈q¯σ ·Gq〉1/5 [MeV] 457 (459) 458 (460) 459 (461) 459 (461) 454 (458) 437 (447) 317 (419) 0 (376) 0 (344)
m20 [GeV
2] 1.21 (1.22) 1.21 (1.22) 1.22 (1.23) 1.23 (1.24) 1.25 (1.26) 1.27 (1.28) 1.29 (1.31) − (1.36) − (1.43)
TABLE I: Quark condensate (QC) 〈q¯q〉, mixed condensate (MC) 〈q¯σ ·Gq〉, and their ratio m20 at different T for m = 0 (5) MeV.
The renormalization scale is chosen to be µ = 0.6 GeV for all the cases. To evolve these values to µ = 2 GeV, one multiplies
1.401/3 = 1.12, 0.951/5 = 0.99, and 0.68 to QC, MC, and m20, respectively, as given in Eq. (28).
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FIG. 4: (Color online) Ratio of the quark and mixed condensates m20 in Eq. (1) as functions of T for different m and µ
values given in (m,µ): (0 MeV, 0.6 GeV) (solid), (0 MeV, 2.0 GeV) (dot), (5 MeV, 0.6 GeV) (dash), and (5 MeV, 2.0 GeV)
(long-dash). The vertical line indicates the chiral transition temperature T0 ≈ 151 MeV.
• By solving the saddle-point equation for the effective thermodynamic potential, we obtain the chiral order
parameter M0, i.e. constituent-quark mass, and the chiral phase transition T is given by T0 ≈ 151 MeV for
m = (0, 5). The chiral phase transitions are second-order and crossover for m = 0 and 5 MeV, respectively,
satisfying the universal chiral restoration patterns.
• Numerical results for QC are well compatible with the phenomenological values and the LQCD simulation data
below T0. However, we observe sizable deviation, in comparison to the LQCD data for m 6= 0, beyond T0. As T
grows beyond T0, QC keeps decreasing but finite up to T = 300 MeV. By running up the scale µ = (0.6→ 2.0)
GeV, we had a multiplicable factor 1.40 from the two-loop RG evolution.
• Those for MC exhibit similar curve shapes to that of QC as functions of T . It turned out that the MC curves
increase slightly up to T ≈ 100 MeV, then start to decrease. This tendency is found to be similar to that from
the global color-symmetry model. As m = 5 MeV, MC curves are almost saturated beyond a certain value in
the vicinity of T & 220. We had a RG-evolution factor 0.95 for µ = (0.6→ 2.0) GeV.
• The ratios m20 are given numerically by m20 = 1.21 (1.22) GeV2 for m = (0, 5) MeV for vacuum. These values
are well compatible with those from other effective models and QCDSR estimation. It turned out that m20 is
almost flat with the slope ∼ 0.07 for T . T0 as a function of T/T0, being consistent with the (quenched) LQCD
simulation. Above T0, the curve of m
2
0 increased rapidly, depending on the different T dependence between QC
and MC. We suggest an approximated linear parametrization for m20 as:
m20(T )/m
2
0(0) ≈ (0.07, 0.47)T/T0 + (1, 0.6) for (T . T0, T & T0), (33)
The present results for MC as a function of T will be a useful guide for future LQCD simulations and various model
calculations. Note that the effects of the external strong electromagnetic field, which is expected to be created from
the peripheral (non-central) HIC, has been widely discussed [27–29]. In addition, the distribution of the gluons in the
quark-gluon plasma (QGP) is an important input for the hydrodynamic studies for HIC [30]. It is worth mentioning
that, using the effective quark-gluon vertex as in the present work, one can explore the effects of the external EM
field, which interacts with the gluon fields in terms of the quark ones. Related works are under progress and appear
elsewhere.
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